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Example

Le t   .  The  requ i rement  tha t  a  ma t r ix  o f  the

form
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is  conta ined  in  the  geome t r i c  fus ion  . . .
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. . . forces  the  equa t ions
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to  van ish .  Se t t ing   resu l ts  in  a  un ion  o f  th ree  i r reduc ib le

components  which  we  record  as  the  combina to r i a l  fus ion

s = 0
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The  slice  and  the  orbit

 denotes  the  n i lpotent  (ad jo int )  orbi t  o f  ma t r i ces  

hav ing  Jordan  type   or  boxes  in  f i rs t   co lumns  o f  

for  a l l  .

 denotes  the  af f ine  space  o f   block  ma t r i ces   whe re  

 is  a  block  ma t r ix  w i th  poss ib ly  nonze ro  ent r i es  in  the  f i rs t  

 co lumns  o f  the  l ast  row  o f  each   block .

E .g .  I f   then   looks  l i ke  
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Generalized  orbital  varieties

G iven   we  denote  by   the  rest r i c t ion  o f   to  the

subspace  spanned  by  the  f i rs t   standa rd  bas is  vec to rs  o f   and

ident i fy  i t  w i th  the   uppe r- l e f t  subma t r ix  o f  .

Le t  .  G iven   have  

and

(τ ) :=X̊ {A ∈ T ​ ∩μ n : A ​ ​ ∈∣
∣

C ∣μ ( i ) ∣ O  for each i =λ( i) 1, … , m}

Denote  by   the  top-dim  i r reduc ib le  component  o f  i ts  c losure .

Theorem .  a re  i r reduc ib le  components  o f  

.
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Two-point  deformation  of  

 is  the  fam i ly  o f  pa i rs   such  tha t   is  weak ly

block  uppe r- t r i angu l a r  w i th  diagona l  equa l  to  the  compan ion  ma t r i ces
o f  the  po lynom i a ls  

E .g .   looks  l i ke  
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Two-point  deformation  of  

For   the  (ad jo int )  orbi t  o f  ma t r i ces  con juga te  to   or

O ​ :=0,s
λ ,λ′ ′ ′

​A ∈ M ​(C) : ​⎩⎨
⎧

N

rkA = N − #boxes in first c  columns of λ ,c ′

rk(A − s) = N − #boxes in first c  columns of λ ,c ′ ′

 for all c ≥ 0 ⎭⎬
⎫

Fac t .  The re  ex ists  a  f la t  fam i ly   whose  f ib re  ove r   is

reduced  and  given  by   i f   and   i f  .
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Two-point  deformation  of  

For   and  a  pa i r  o f  tab leaux  ,  

def ine

(τ , τ ) ​ =X̊ ′ ′ ′
0 ,s A ∈ U ​ : A ​ ​ ∈ O ​ for i = 1, … , m{ 0,s

μ ,μ′ ′ ′

∣∣C ∣μ ( i ) ∣ 0,s
λ ( i) ,λ ( i)′ ′ ′ }

and

(τ , τ ) ​ =X̊ ′ ′ ′
0 ,A × (A, s) ∈ M ​ × A : A ∈ (τ , τ ) ​{ N

× X̊ ′ ′ ′
0 ,s}

and   to  be  the  c losure  o f  i ts  top-dim  component  in  

.
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Geometric  fusion

Def ine  the  fus ion  o f  gene ra l ized  orbi ta l  va r i e t i es  as  the  scheme-
theore t i c  inte rsec t ion

X (τ , τ ) ​ ∩′ ′ ′
0 ,A M ​ ×N {0} =: X (τ , τ ) ​

′ ′ ′
0 ,0

in  .

Fac t .  is  conta ined  in  .

The  inte rsec t ion  mu l t ip l i c i t i es   a re  the

st ruc tu re  constants  o f  our  a lgeb ra  o f  tab leaux .

M ​ ×N A

X (τ , τ ) ​

′ ′ ′
0 ,0 ∩O

λ
T ​ ∩μ n

i(X (τ ), X (τ , τ ) ​)′ ′ ′
0 ,0
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What  is  this  mystery  algebra?

In  type   the  geome t r i c  Sa take  cor respondence  ( )  is  about  tab leaux .

​ ​ ​ ​

Y T (λ)⋃
​

L
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Nr

​

τ ↦X ( τ )
X (λ)⋃

​

↓
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B (∞)

​

X ↦v ​X

∗

​

V (λ)⋃
​v↦ b ​v↓

⏐
Ψ

C [N ]

Fac t .  com ing  f rom  the  gene ra l ized  orbi ta l  va r i e t i es  form

a  pe r fec t  bas is  w i th  st ruc tu re  constants  .  We

ca l l  this  the  MV  bas is .

A ∗

b(τ ) ∈ C[N ]
i(X (τ ), X (τ , τ ) ​)′ ′ ′

0 ,0
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Remarks

commuta t iv i ty  o f  geome t r i c  fus ion
combina to r i a l  fus ion  o f ten  symme t r ized  R S K
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Cluster  algebras

 is  a  c luste r  a lgeb ra :  by  muta t ing  f rom  an  in i t i a l  seed  

 o f   c luste r  va r i ab les  ,

mean ing  mutab le   a re  rep l aced  by   according  to  the  exchange

re la t ion

x ​x ​ =i i
∗ x ​ ++ x ​−

w i th   denot ing  monom i a ls  in   de te rm ined  by  ,  we

ob ta in  the  c luste r  va r i ab les .

Each  muta t ion  gives  a  new  c luste r.  The  c luste r  monomia ls  a re  produc ts
o f  c luste r  va r i ab les  tha t  a re  suppor ted  on  a  s ingle  c luste r.

C[N ]
({x ​, … , x ​}, B )1 r r = m(m − 1)/2 x ​ ∈i C[N ]

x ​i x ​i
∗

x ​± {x ​ :j j = i} B
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Motivating  conjecture

 has  th ree  inte rest ing  (bipe r fec t )  bases :  the  MV  bas is ,  the  dua l

canon i ca l  bas is ,  and  the  dua l  sem i canon i ca l  bas is .  They  disag ree  a t  a
po int  which  is  not  a  c luste r  monom i a l .

Con jec ture .  The  c luste r  monom i a ls  a re  conta ined  in  the  MV  bas is .

G iven  an  in i t i a l  seed  o f  "MV  cyc les"  i f  we  can  f ind  ( for  each  )  an  MV

cyc le   such  tha t   then  we

can  conc lude  tha t   and  (s ince  a l l  c luste r  va r i ab les  a re

c rea ted  v i a  exchange )  deduce  tha t  the  con j ec tu re  is  t rue .

C[N ]

i

X (τ ​)i
∗ X (τ ​) ∗i X (τ ​) =i

∗ X (τ ​) ∪+ X (τ ​)−

b(τ ​) =i
∗ x ​i

∗
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Thank  you  for  listening



Intersection MultiplicityIntersection Multiplicity



12 cluster variables12 cluster variables



3 mutable variables per cluster for a total of 9, plus 3 frozen3 mutable variables per cluster for a total of 9, plus 3 frozen



Monoidal categorificationMonoidal categorification



Monoidal categorificationMonoidal categorification
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GT patternsGT patterns


