
Just an algebra of tableaux

We present a cluster structure on semi standard Young tableaux. Based on
arXiv:2106.07101 with Roger Bai and Joel Kamnitzer.

SOCALDM'22

CLAREMONT MCKENNA COLLEGE

https://arxiv.org/pdf/2106.07101.pdf


Example
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is contained in the geometric fusion ...
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...forces the equations
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to vanish. Setting  results in a union of three irreducible components

which we record as the combinatorial fusion

s = 0
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The slice and the orbit

 denotes the nilpotent (adjoint) orbit of matrices  having

Jordan type  or boxes in first  columns of  for all .

 denotes the affine space of  block matrices  where  is a

block matrix with possibly nonzero entries in the first  columns of

the last row of each  block.

E.g. If  then  looks like 

O ⊂λ M ​(C)N A

λ rkA =c N − # c λ c

T ​μ μ × μ J ​ +0,μ X X

min(μ ​, μ ​)i j

μ ​ ×i μ ​j

μ = (3, 2) T ​μ ​ ​ ​
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Generalized orbital varieties

Given  we denote by  the restriction of  to the

subspace spanned by the first  standard basis vectors of  and identify it

with the  upper-left submatrix of .

Let . Given  have  and

(τ ) :=X̊ {A ∈ T ​ ∩μ n : A ​ ​ ∈∣
∣

C∣μ(i)∣ O  for each i =λ(i) 1, … ,m}

Denote by  the top-dim irreducible component of its closure.

Theorem.  are irreducible components of .

A ∈ M ​(C) ∩N n A ​ ​∣
∣

Cp A

p CN

p × p A

μ ≤ λ ⊢ N τ ∈ Y T (λ) ​μ τ ​ ​ ∈∣∣{1,…,i} Y T (λ(i)) ​μ(i)

X(τ )

{X(τ )} ​τ∈Y T (λ) ​μ
∩O

λ
T ​ ∩μ n
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Two-point deformation of 

 is the family of pairs  such that  is weakly block

upper-triangular with diagonal equal to the companion matrices of the

polynomials 

E.g.  looks like 

T ​ ∩μ n
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μ ,μ′ ′′
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Two-point deformation of 

For  the (adjoint) orbit of matrices conjugate to  or

O ​ :=0,s
λ ,λ′ ′′

​A ∈ M ​(C) : ​ ​⎩⎨
⎧

N

rkA = N − #boxes in first c columns of λ ,c ′

rk(A − s) = N − #boxes in first c columns of λ ,c ′′

 for all c ≥ 0 ⎭⎬
⎫

Fact. There exists a flat family  whose fibre over  is reduced

and given by  if  and  if .

O
λ

s = 0 J ​ ⊕0,λ′ J ​s,λ′′

​ →O0,A
λ ,λ′ ′′

A s ∈ A
​O0,s

λ ,λ′ ′′

s = 0 O
λ

s = 0
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Two-point deformation of 

For  and a pair of tableaux ,  define

(τ , τ ) ​ =X̊ ′ ′′
0,s A ∈ U ​ : A ​ ​ ∈ O ​ for i = 1, … ,m{ 0,s

μ ,μ′ ′′

∣∣C∣μ(i)∣ 0,s
λ (i),λ (i)′ ′′ }

and

(τ , τ ) ​ =X̊ ′ ′′
0,A× (A, s) ∈ M ​ × A : A ∈ (τ , τ ) ​{ N

× X̊ ′ ′′
0,s}

and  to be the closure of its top-dim component in .

X(τ )
s = 0 τ ∈′ Y T (λ ) ​

′
μ′ τ ∈′′ Y T (λ ) ​

′′
μ′′

X(τ , τ ) ​

′ ′′
0,A M ​ ×N A
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Geometric fusion

Define the fusion of generalized orbital varieties as the scheme-theoretic
intersection

X(τ , τ ) ​ ∩′ ′′
0,A M ​ ×N {0} =: X(τ , τ ) ​

′ ′′
0,0

in .

Fact.  is contained in .

The intersection multiplicities  are the structure

constants of our algebra of tableaux.

M ​ ×N A

X(τ , τ ) ​

′ ′′
0,0 ∩O

λ
T ​ ∩μ n

i(X(τ ),X(τ , τ ) ​)′ ′′
0,0
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What is this mystery algebra?

In type  the geometric Satake correspondence ( ) is about tableaux.

​ ​ ​ ​

Y T (λ)⋃
​

L
↓
⏐

Nr

​

τ↦X (τ )
X (λ)⋃

↓
⏐

B(∞)

​

X↦v ​X

∗

​

V (λ)⋃
​v↦b ​v↓

⏐
Ψ

C[N ]

Fact.  coming from the generalized orbital varieties form a

perfect basis with structure constants . We call this

the MV basis.

A ∗

b(τ ) ∈ C[N ]
i(X(τ ),X(τ , τ ) ​)′ ′′

0,0
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Remarks

commutativity of geometric fusion

combinatorial fusion often symmetrized RSK
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Cluster algebras

 is a cluster algebra: by mutating from an initial seed 

of  cluster variables , meaning mutable  are

replaced by  according to the exchange relation

x ​x ​ =i i
∗ x ​ ++ x ​−

with  denoting monomials in  determined by , we obtain the

cluster variables.

Each mutation gives a new cluster. The cluster monomials are products of
cluster variables that are supported on a single cluster.

C[N ] ({x ​, … , x ​},B)1 r

r = m(m − 1)/2 x ​ ∈i C[N ] x ​i

xi
∗

x ​± {x ​ :j j = i} B
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Motivating conjecture

 has three interesting (biperfect) bases: the MV basis, the dual canonical

basis, and the dual semicanonical basis. They disagree at a point which is not a
cluster monomial.

Conjecture. The cluster monomials are contained in the MV basis.

Given an initial seed of "MV cycles" if we can find (for each ) an MV cycle 

 such that  then we can conclude

that  and (since all cluster variables are created via exchange)

deduce that the conjecture is true.

C[N ]

i

X(τ ​)i
∗ X(τ ​) ∗i X(τ ​) =i

∗ X(τ ​) ∪+ X(τ ​)−

b(τ ​) =i
∗ x ​i

∗
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Thank you for listening



Intersection Multiplicity



12 cluster variables



3 mutable variables per cluster for a total of 9, plus 3 frozen



Monoidal categorification



Monoidal categorification



Flatness



Flatness



Flatness



GT patterns


